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Motivated by the isomorphism between osp(4|6) superalgebra and D = 3 N = 6 superconformal
algebra we consider the superstring action on the AdS4×CP
3 background parameterized by D = 3
N = 6 super-Poincare and CP3 coordinates supplemented by the coordinates corresponding to
dilatation and superconformal generators. It is also discussed the relation between the degeneracy
of fermionic equations of motion and the action κ−invariance in the framework of the supercoset
approach.
PACS numbers: 11.25.-w, 11.30.Pb, 11.25.Tq
I. INTRODUCTION
The idea of gauge/string correspondence has been
elaborated since the early days of string theory. Dur-
ing the last decade significant progress has been attained
in understanding the duality [1]-[3] between the D = 4
N = 4 superYang-Mills theory and string theory on
AdS5 × S5 background. Recently novel example of the
gauge/string correspondence has been proposed [4] in-
volving the superconformal D = 3 N = 6 Chern-Simons-
matter theory [39] with the gauge group U(N) × U(N)
and level k and M-theory on AdS4×(S7/Zk) background.
In the t’Hooft limit N, k → ∞ with λ = N/k fixed the
field theory can be effectively described by the IIA su-
perstring on AdS4 × CP3 background.
For both dualities one of the main unsolved problems
is to quantize corresponding superstring models. The
full action for the Green-Schwarz (GS) superstring on
AdS5 × S5 was constructed in [6], [7] on the symmetry
grounds using that AdS5×S5 is the maximally supersym-
metric background of Type IIB supergravity and that all
bosonic and fermionic degrees of freedom fit into the su-
percoset space PSU(2, 2|4)/(SO(1, 4)× SO(5)). It was
then discovered [8] that such full action is classically in-
tegrable extending the previous result [9] for the bosonic
model. This stimulated application of the methods de-
veloped for the investigation of integrable systems [40].
However, the nonlinearity of the superstring action even
after the exclusion of the pure gauge degrees of freedom
still precludes from solving the quantization problem and
motivates application of the approximate methods [11],
[41].
To obtain the superstring action on AdS4×CP3 back-
ground including the fermions it has been suggested in
[13], [42] to apply the supercoset method of [6]. The main
observation is that the bosonic degrees of freedom fit
into the bosonic body (Sp(4)/SO(1, 3))× (SO(6)/U(3))
of the supercoset space OSp(4|6)/(SO(1, 3)×U(3)) that
also allows to accommodate 24 fermions equal in num-
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ber to the supersymmetries preserved by the AdS4 ×
CP
3 background. It was shown [13] that such super-
string action involving 24 fermions is invariant under the
8−parameter κ−symmetry transformations and is clas-
sically integrable.
Similarly to the AdS5 × S5 superstring the original
superstring action on AdS4 ×CP3 was given in the AdS
basis for the Cartan forms with the appropriate choice of
the supercoset element. The isomorphism between the
AdS4 algebra and conformal algebra in 1+2 dimensions
suggests considering also the superstring action in the
conformal basis [43]. Choosing the OSp(4|6)/(SO(1, 3)×
U(3)) supercoset representative parametrized by theD =
3 N = 6 superspace coordinates, CP3 coordinates and
those associated with the dilatation and superconformal
generators yields the action with manifest D = 3 N =
6 super-Poincare symmetry that is the subgroup of the
symmetry group on the field theory side of the duality
[4], [18].
It should be noted that despite the fact that the su-
percoset action on the AdS4×CP3 background has clear
group-theoretical structure, involves the correct number
of physical degrees of freedom and is classically inte-
grable, unlike the supercoset action on AdS5 × S5, it
cannot describe all possible superstring motions, as was
already observed in [13]. To study such string configu-
rations the explicit form of the action depending on all
32 fermionic variables is needed that in turn requires to
elaborate on the full superspace solution of the IIA su-
pergravity on AdS4 × CP3 [19]. However, whether such
full-fledged action for the IIA superstring on AdS4×CP3
inherits the integrability property remains unknown.
In section II we discuss the properties of
the superstring action on the supercoset space
OSp(4|6)/(SO(1, 3)×U(3)). In particular, the equations
of motion for the fermions are cast into the form close to
that derived in the conventional GS approach [20] and it
is proved that in the general case 8 of 24 equations are
trivial. So that the κ−symmetry already manifests itself
at the level of the equations of motion. This degeneracy
of the equations of motion for the fermions traces back
to the form of the anticommutators of the fermionic
generators of D = 3 N = 6 superconformal algebra.
2We also give the representation for the κ−symmetry
transformations, that allow to gauge away 13 of the
fermionic degrees of freedom, in the form amenable for
comparison with the GS κ−symmetry transformations
that remove 12 of the fermions.
In section III we derive the explicit expressions for the
Cartan forms in the conformal basis starting from the
OSp(4|6)/(SO(1, 3)× U(3)) supercoset element and use
them to write the superstring action in the form with
manifest D = 3 N = 6 super-Poincare symmetry. It
is discussed the possibility of fixing the gauge freedom
related to the 8-parameter κ−symmetry.
In the appendixes there are summarized the relevant
properties of spinors and γ−matrices in D = 2 + 3,
D = 1+3 and D = 1+2 dimensions, and there are given
the details on the isomorphism between the osp(4|6) su-
peralgebra and D = 3 N = 6 superconformal algebra.
II. SUPERSTRING ACTION IN THE
SUPERCOSET APPROACH: EQUATIONS OF
MOTION AND κ−SYMMETRY
The starting point is the OSp(4|6)/(SO(1, 3)× U(3))
supercoset element G that is used to define the left-
invariant Cartan 1-forms
G
−1dG = Gmn(d)Mmn +Ωiˆ
jˆ(d)Vjˆ
iˆ
+ Fαa (d)O
a
α + F¯
αa(d)O¯αa.
(1)
The bosonic 1-forms Gmn(d), m,n = 0
′, 0, ..., 3 are as-
sociated with the so(2, 3) ∼ sp(4) generators Mmn that
can be split into the so(1, 3) generators Mm
′n′ , m′, n′ =
0, ..., 3 and the so(2, 3)/so(1, 3) coset generators M0
′m′
that corresponds to representing the so(2, 3) algebra as
the AdS4 one. Accordingly the 1-forms Gm′n′(d) define
the so(1, 3) connection and G0′m′(d) the AdS4 veirbein.
Analogously the Cartan forms Ωiˆ
jˆ(d), iˆ, jˆ = 1, ..., 4
Ωiˆ
jˆ =
(
Ωa
b Ωa
4
Ω4
b Ω4
4
)
, Ω4
4 = −Ωaa (2)
can be split into the 1-forms Ωa
b(d) corresponding to the
u(3) generators Va
b and the 1-forms Ω4
a(d), Ωa
4(d) re-
lated to the su(4)/u(3) coset generators Va
4, V4
a. These
forms define the u(3) connection and the CP3 vielbein,
respectively. The fermionic 1-forms Fαa (d) and F¯
αa(d)
are related to the osp(4|6) odd generators Oaα, O¯αa car-
rying the D = 2 + 3 Majorana spinor index α = 1, ..., 4
and transforming in the vector representation of SO(6)
that decomposes as 3⊕ 3¯ with respect to SU(3) (see Ap-
pendix B). By construction the Cartan forms (1) satisfy
the Maurer-Cartan (MC) equations that can be schemat-
ically written as
dωA +
1
2
ωB(d) ∧ ωC(d)fCBA = 0, (3)
where fCBA are the structure constants of the osp(4|6)
superalgebra.
Under the discrete automorphism Υ of the osp(4|6)
superalgebra the so(1, 3) and u(3) generators are inert,
while the remaining bosonic generators change the sign
Υ(M0
′m′) = −M0′m′ , Υ(Va4) = −Va4, Υ(V4a) = −V4a.
The fermionic generators can be split into 2 eigenspaces
P±αβOaβ : Υ(P±α
βOaβ) = ±iP±αβOaβ using the 4d chiral
projectors introduced in Eq.(23). These transformations
of the osp(4|6) generators induce transformations of the
associated Cartan forms and serve as the guide to con-
struct the Z4-invariant superstring action
S = −1
2
∫
d2ξ
√−ggij(Gi0′m′Gj0′m′+Ωia4Ωj4a)+SWZ ,
(4)
where the Wess-Zumino term is given by the wedge prod-
uct of the fermionic Cartan forms [21], [22]
SWZ =
i
2
εij
∫
d2ξFαiaC
′
αβF¯
βa
j . (5)
Two summands entering the kinetic term correspond to
the AdS4 and CP
3 parts of the background. The WZ
term involves the D = 1 + 3 charge conjugation matrix
C′αβ .
The superstring Lagrangian is constructed out of the
world-sheet projections of Cartan 1-forms; thus to find
its variation it is necessary to consider the variations of
relevant 1-forms. Using the general formula for the vari-
ation of a form
δF (d) = d(iδF (d)) + iδ(dF (d)) (6)
in the second summand one substitutes the MC equations
dG0
′m′ − 2Gm′n′(d) ∧G0′n′(d)
− iFαa (d) ∧ γ0
′m′
αβ F¯
βa(d) = 0,
(7)
dΩa
4 + iΩ+a
b(d) ∧ Ωb4(d)
− εabcF¯αb(d) ∧ CαβF¯ βc(d) = 0,
(8)
dΩ4
a + iΩ4
b(d) ∧ Ω+ba(d)
+ εabcFαb (d) ∧CαβF βc (d) = 0,
(9)
dFαa +
1
2
F βa (d) ∧Gmn(d)γmnβα + iΩ−ab(d) ∧ Fαb (d)
+ iεacbΩ4
c(d) ∧ F¯αb(d) = 0,
(10)
dF¯αa +
1
2
F¯ βa(d) ∧Gmn(d)γmnβα + iF¯αb(d) ∧ Ω−ba(d)
− iεacbΩc4(d) ∧ Fαb (d) = 0,
(11)
3where Gmn(d)γ
mn
α
β = 2G0′m′(d)γ
0′m′
α
β +
Gm′n′(d)γ
m′n′
α
β and Ω±ab(d) = Ωab(d) ± δbaΩcc(d)
are the so(2, 3) and u(3) ⊕ u(1) connections. Then the
variation of the 1-forms entering the action (4) acquires
the form
δG0
′m′(d) = dG0
′m′(δ)
+ 2Gm
′
n′(d)G
0′n′(δ)− 2Gm′n′(δ)G0′n′(d)
+ iFαa (d)γ
0′m′
αβ F¯
βa(δ)− iFαa (δ)γ0
′m′
αβ F¯
βa(d),
(12)
δΩa
4(d) = dΩa
4(δ)− iΩ+ab(d)Ωb4(δ) + iΩ+ab(δ)Ωb4(d)
+ 2εabcF¯
αb(d)Cαβ F¯
βc(δ),
(13)
δΩ4
a(d) = dΩ4
a(δ)− iΩ4b(d)Ω+ba(δ) + iΩ4b(δ)Ω+ba(d)
− 2εabcFαb (d)CαβF βc (δ),
(14)
δFαa (d) = dF
α
a (δ)−
1
2
F βa (d)Gmn(δ)γ
mn
β
α
+
1
2
F βa (δ)Gmn(d)γ
mn
β
α
− iΩ−ab(d)Fαb (δ) + iΩ−ab(δ)Fαb (d)
− iεacbΩ4c(d)F¯αb(δ) + iεacbΩ4c(δ)F¯αb(d),
(15)
δF¯αa(d) = dF¯αa(δ) − 1
2
F¯ βa(d)Gmn(δ)γ
mn
β
α
+
1
2
F¯ βa(δ)Gmn(d)γ
mn
β
α
− iF¯αb(d)Ω−ba(δ) + iF¯αb(δ)Ω−ba(d)
+ iεacbΩc
4(d)Fαb (δ)− iεacbΩc4(δ)Fαb (d).
(16)
Since of the utmost importance is the κ−invariance
of the superstring action (4) we concentrate on the
fermionic contribution to the variation of the action
δS |f =
∫
d2ξ
(
F¯
αaˆ
{+}iV
ij
+ Mjαaˆ
βbˆCβγF
γ
{+}bˆ(δ)
+ F¯αaˆ{−}iV
ij
− Mjαaˆ
βbˆCβγF
γ
{−}bˆ(δ)
)
,
(17)
where
Miαaˆ
βbˆ =
( −iδbaGi0′m′γ0′m′αβ δβαεacbΩi4c
−δβαεacbΩic4 −iδabGi0′m′γ0
′m′
α
β
)
.
(18)
The expression (17) analogously to the GS superstring
case [20] involves the world-sheet projectors
V ij± =
1
2
(
√−ggij ± εij) (19)
obeying the relations
V ij+ + V
ij
− =
√−ggij , V ik± gklV jl± = 0,
V ik± gklV
lj
± =
√−gV ij± , V ij± V kl± = V kj± V il± .
(20)
The fermionic variation parameters and the world-sheet
projections of Cartan forms have been grouped as follows:
F
α
{±}aˆ(δ) =
(
Fα(±)a(δ)
F¯αa(∓)(δ)
)
(21)
and
F¯
αaˆ
{±}i =
(
F¯αa(∓)i
Fα(±)ia
)
. (22)
They include chiral in the D = 1 + 3 dimensional sense
spinors Fα(±)a(δ), F
α
(±)ia and their conjugates F¯
αa
(∓)(δ),
F¯αa(∓)i [44]. The chiral projectors are defined as
Pα+β =
1
2
(δαβ + C
αγC′γβ),
Pα−β = (P
α
+β)
∗ =
1
2
(δαβ − CαγC′γβ)
(23)
and satisfy the requisite properties
P+ + P− = I,
P±P± = P±, P+P− = P−P+ = 0,
(24)
because of the relation
CαβC′βγC
γδC′δǫ = δ
α
ǫ . (25)
The definition (23) is justified by the fact that CαβC′βγ
is related to the 4d matrix Γ5α
β
CαβC′βδ = iC
′αβΓ5β
γC′γδ. (26)
To derive (17) we have also used the following properties
of chiral projectors (23)
Pα±βCαγP
γ
∓δ = 0, P
α
±βγ
0′m′
αγ P
γ
±δ = 0. (27)
The variation (17) determines the equations of motion
for the fermions
V ij± M
T
j
αaˆ
βbˆF¯
βbˆ
{±}i = 0. (28)
To find whether all of the equations (28) are nontrivial
we need to compute the rank of MTj
αaˆ
βbˆ
MTj
αaˆ
βbˆ =
(
−iδabGj0′m′γ0
′m′α
β δ
α
β ε
acbΩjc
4
−δαβ εacbΩj4c −iδbaGj0′m′γ0
′m′α
β
)
(29)
4on shell of the Virasoro constraints
δS
δgij(ξ)
= Gi0′m′Gj0′
m′ +
1
2
(Ωia
4Ωj4
a +Ωja
4Ωi4
a)
− 1
2
gijg
kl(Gk0′m′Gl0′
m′ +Ωka
4Ωl4
a) = 0.
(30)
In equations (28) the 2d vector index ofMTj
αaˆ
βbˆ is acted
by the world-sheet projectors (19) so that only one of
its components out of two is independent. This can be
illustrated, for instance, by the action of V ij± on a vector
Fj that can be presented as
V ij± Fj = V
i
±F±τ , V
i
± =
1
2
(
1√−ggτσ∓1√−ggττ
)
,
F±τ =
√−ggττFτ + (√−ggτσ ± 1)Fσ.
(31)
Similarly the result of V ij± projector action on the Vira-
soro constraints (30) reads
V ik± V
jl
±
δS
δgkl(ξ)
= V i±V
j
±(G±τ0′m′G±τ0′
m′
+ Ω±τa4Ω±τ4a) = 0.
(32)
Then one observes that the matrix G±τ0′m′γ0
′m′α
β is
nonsingular
G±τ0′m′γ0
′m′α
βG±τ0′n′γ0
′n′β
γ = G±τ±τδαγ , (33)
where G±τ±τ = G±τ0′m′G±τ0′m
′
. This allows by the
rank preserving transformation to bring MT to the tri-
angular form
(
−iδabG±τ0′m′γ0
′m′α
β δ
α
β ε
acbΩ±τc4
0 iΩ±τa
4Ω±τ4
b
G±τ±τ
G±τ0′m′γ0
′m′α
β
)
.
(34)
Since the rank of the 3 × 3 matrix Ω±τa4Ω±τ4b is unity
[45], the rank ofMT equals 4×3+4×1 = 16. As a result
8 out of 24 equations (28) are trivial and this implies via
the second Noether theorem the 8-parameter fermionic
symmetry of the action (4). The crucial distinction of
the supercoset string model [13] from the GS superstring
on flat background [20] and on AdS5 × S5 [6] is that
the κ−symmetry can gauge away only 13 of the fermions
rather than 12 . This is attributed to the fact that the
action (4) could be obtained by the partial κ−symmetry
gauge fixing from the full action containing 32 fermionic
degrees of freedom and the 8-parameter fermionic sym-
metry of (4) is the remnant of the 16-parameter symme-
try of that full action [46].
It is worthwhile to note that the matrix M can be ob-
tained starting from the matrix of the anticommutators
of the fermionic generators of the osp(4|6) superalgebra
( {O¯αa, Obβ} {O¯αa, O¯βb}
{Oaα, Obβ} {Oaα, O¯βb}
)
. (35)
Substituting the explicit expressions for its entries (see
Appendix B)
( −iδbaγmnαβ Mmn + 2Cαβ(Vab − δbaVcc) 2CαβεacbV4c
−2CαβεacbVc4 −iδabγmnαβ Mmn − 2Cαβ(Vba − δab Vcc)
)
(36)
and replacing the so(2, 3)/so(1, 3) and su(4)/u(3) coset
generators by the Cartan forms M0′m′ → G0′m′(d),
Va
4 → Ωa4(d), V4a → Ω4a(d) yields up to the overall
factor the entries of the matrix M . This is of course
the anticipated result since the action variation is de-
termined by the variation of Cartan forms that in turn
depends on the structure constants of the osp(4|6) super-
algebra. However, this observation could be of more use
when applied backwards: starting from the matrix com-
posed of the anticommutators of the fermionic generators
of the isometry superalgebra for some superbackground,
whose bosonic part can be presented as the coset space,
one can study the degeneracy of such a matrix to find
whether the corresponding string model, constructed us-
ing the supercoset approach, will be κ−invariant.
Let us consider the κ−invariance property of the ac-
tion (4) in more detail. An equal number of physical and
pure gauge fermions in the GS superstring implied that
the same matrix with the space-time spinor indices was
present both in the equations of motion for the fermions
and the κ−symmetry transformation rules. However,
in the present case MT can not directly appear in the
κ−transformations because it is required that the matrix
of the rank 8 single out the requisite number of indepen-
dent transformation parameters. Such a matrix can be
constructed as the second-order polynomial in the world-
sheet projections of Cartan 1-forms [13]
5Kij
α
aˆ
bˆ
β =
(
δαβ (Gi0′
m′Gj0′m′δ
b
a +Ωia
4Ωj4
b) iGi0′m′γ
0′m′α
βεacbΩj4
c
−iGi0′m′γ0′m′αβεacbΩjc4 δαβ (Gi0′m
′
Gj0′m′δ
a
b +Ωi4
aΩjb
4)
)
(37)
and is used in the κ-symmetry transformation rules for
the fermionic 1-forms
F
α
{−}aˆ(δκ) = V
ij
− V
kl
− Kjl
α
aˆ
bˆ
βκ
β
{−}bˆik,
F
α
{+}aˆ(δκ) = V
ij
+ V
kl
+ Kjl
α
aˆ
bˆ
βκ˜
β
{+}bˆik.
(38)
As the bosonic forms are inert under the κ−symmetry
[24]
G0′m′(δκ) = 0, Ω4
a(δκ) = 0, Ωa
4(δκ) = 0, (39)
the κ−variation of the action (4) obtained by the substi-
tution of (38) into (17) is compensated by the variation
of the auxiliary 2d metric
δκ(
√−ggij) = 2i(F¯αaˆ{−}kV kl− Gl0′m′γ0
′m′
αβ V
ii′
+ V
jj′
+ κ
β
{−}aˆi′j′
+ F¯αaˆ{+}kV
kl
+ Gl0′m′γ
0′m′
αβ V
ii′
− V
jj′
− κ˜
β
{+}aˆi′j′).
(40)
The polynomial structure ofK requires the parameters of
the κ−transformation κβ{−}aˆij , κ˜β{+}aˆij to carry the pair
of the world-sheet vector indices instead of one as in the
GS case and to satisfy the (anti)selfduality constraints in
each index
1√−g gijV
jk
+ κ
β
{−}aˆkl =
1√−g gljV
jk
+ κ
β
{−}aˆik = κ
β
{−}aˆil,
(41)
and
1√−g gijV
jk
− κ˜
β
{+}aˆkl =
1√−g gljV
jk
− κ˜
β
{+}aˆik = κ˜
β
{+}aˆil.
(42)
On the constraint shell defined by the Virasoro con-
straints (30) the rank of the κ−transformations equals 8
so that only 13 parameters act nontrivially. Note that in
the κ−symmetry transformation rules (38) the 2d vector
indices of the matrix K are contracted with the world-
sheet projectors V ij± so only one independent component
of 4 remains. Thus to find the rank of K±τ±ταaˆ
bˆ
β one can
solve the eigenvalue problem that amounts to computing
the determinant of K − λI using its block structure
det(K − λI) = det
(
Aαa
b
β B
α
a βb
Cαabβ D
αa
βb
)
= detAdet(D − CA−1B),
(43)
where
Aαa
b
β = δ
α
βAa
b, Aa
b = (G±τ±τ − λ)δba +Ω±τa4Ω±τ4b,
Dαaβb = δ
α
β ((G±τ±τ − λ)δab +Ω±τ4aΩ±τb4),
Bαa βb = iG±τ0′m′γ
0′m′α
βεacbΩ±τ4c,
Cαabβ = −iG±τ0′m′γ0
′m′α
βε
acbΩ±τc4.
(44)
The addition of λI renders the matrix Aa
b nonsingular,
detA = −λ(G±τ±τ − λ)2, and its inverse is given by
A−1ba =
1
λ(G±τ±τ − λ) (λδ
a
b +Ω±τb
4Ω±τ4a). (45)
Then the calculation yields that
det(K − λI) = λ16(λ− 2G±τ±τ )8 = 0. (46)
One finds that 8 of 24 eigenvalues of K are nonzero
proving that its rank indeed equals 8. So that the ma-
trices M and K are complementary in the sense that
rankM + rankK = 24.
III. SUPERSTRING ACTION IN THE
CONFORMAL BASIS
The introduction of the (1 + 2)−dimensional super-
conformal group generators (B13), (B23) (see Appendix
B) implies via (1) the introduction of the corresponding
1-forms in the conformal basis
∆(d) = G0′3(d), ωˆm(d) = −(G0′m(d) +G3m(d)),
cˆm(d) = G3m(d)−G0′m(d), m = 0, 1, 2
(47)
and
Fαa (d) =
(
ωˆµa
χˆµa
)
, F¯αa(d) =
( ¯ˆωµa
¯ˆχaµ
)
. (48)
So that the expression (1) acquires the form
G
−1dG = Gmn(d)Mmn + ωˆm(d)Pm + cˆm(d)Km
+ ∆(d)D +Ωa
b(d)Vb
a +Ωa
4(d)V4
a
+ Ω4
a(d)Va
4 +Ω4
4(d)V4
4 + ωˆµa (d)Q
a
µ
+ ¯ˆωµa(d)Q¯µa + χˆµa(d)S
µa + ¯ˆχaµ(d)S¯
µ
a .
(49)
It follows from (4) and the definition (47), (48) that the
Cartan forms ωˆm(d), cˆm(d), ∆(d) and ωˆµa (d),
¯ˆωµa(d),
6χˆµa(d), ¯ˆχ
a
µ(d) enter the superstring action. Relevant MC
equations in the conformal basis read
dωˆm − 2∆(d) ∧ ωˆm(d)− 2Gmn(d) ∧ ωˆn(d)
+ 2iωˆµa (d) ∧ σmµν ¯ˆωνa(d) = 0,
dcˆm + 2∆(d) ∧ cˆm(d)− 2Gmn(d) ∧ cˆn(d)
+ 2iχˆµa(d) ∧ σ˜mµν ¯ˆχaν(d) = 0,
d∆ − ωˆm(d) ∧ cˆm(d)− i(¯ˆωµa(d) ∧ χˆµa(d)
+ ωˆµa (d) ∧ ¯ˆχaµ(d)) = 0,
dΩa
4 + iΩ+a
b(d) ∧Ωb4(d)− 2εabc ¯ˆωµb(d) ∧ ¯ˆχcµ(d) = 0,
dΩ4
a + iΩ4
b(d) ∧ Ω+ba(d) + 2εabcωˆµb (d) ∧ χˆµc(d) = 0,
(50)
and
dωˆµaˆ − ∆(d) ∧ ωˆµaˆ (d) +
1
2
ωˆνaˆ(d) ∧Gmn(d)σmnνµ
+ ωˆm(d) ∧ σ˜µνm χˆνaˆ(d) + iΩaˆbˆ(d) ∧ ωˆµbˆ (d) = 0,
(51)
dχˆµaˆ + ∆(d) ∧ χˆµaˆ(d) + 1
2
Gmn(d) ∧ σmnµν χˆνaˆ(d)
− cˆm(d) ∧ σmµν ωˆνaˆ(d) + iΩaˆbˆ(d) ∧ χˆµbˆ(d) = 0,
(52)
where the fermionic 1-forms have been grouped
ωˆµaˆ (d) =
(
ωˆµa
¯ˆωµa
)
, χˆµaˆ(d) =
(
χˆµa
¯ˆχaµ
)
(53)
according to the decomposition of the SO(6) vector rep-
resentation into the SU(3) irreducible parts. The ele-
ments of the matrix Ωaˆ
bˆ(d) are the components of the
su(4) Cartan forms (2)
Ωaˆ
bˆ(d) =
(
Ωa
b − δbaΩcc εacbΩ4c
−εacbΩc4 −Ωba + δabΩcc
)
. (54)
It is antisymmetric w.r.t. the metric
Haˆbˆ =
(
0 δba
δab 0
)
(55)
thus having 15 independent components.
To obtain explicit expressions for the Cartan forms
in the conformal basis we consider the following
OSp(4|6)/(SO(1, 3)× U(3)) supercoset element [47]
G = exmP
m+θµaQ
a
µ+θ¯
µaQ¯µaeηµaS
µa+η¯aµS¯
µ
a ez
aVa
4+z¯aV4
a
eϕD.
(56)
The bosonic real coordinates xm and ϕ parametrize
AdS4, while 3 complex coordinates z
a and their conju-
gate z¯a parametrize CP
3. The anticommuting coordi-
nates can be divided into θµa , θ¯
µa related to the Poincare
supersymmetry and ηµa, η¯
a
µ related to the conformal su-
persymmetry. Then the calculation yields for the Cartan
forms associated with the so(2, 3)/so(1, 3) coset genera-
tors
ωˆm(d) = e−2ϕωm(d),
ωm(d) = dxm − idθµaσmµν θ¯νa + iθµaσmµνdθ¯νa,
(57)
cˆm(d) = e2ϕcm(d),
cm(d) = −idηµaσ˜mµν η¯aν + iηµaσ˜mµνdη¯aν
− 2(dθµa + 1
4
ζµa(d))σ˜
mµν η¯aν (η¯
b
ρη
ρ
b )
+ 2ηµaσ˜
mµν(dθ¯aν +
1
4
ζ¯aν (d))(η¯
b
ρη
ρ
b ),
(58)
∆(d) = dϕ+ idθµa η¯
a
µ + idθ¯
µaηµa, (59)
where
ζµa (d) = −σ˜mµνωm(d)ηνa, ζ¯µa(d) = −σ˜mµνωm(d)η¯aν ,
(60)
and for those associated with the so(1, 3) generators
Gmn = −i(dθµa +
1
2
ζµa (d))σ
mn
µ
ν η¯aν
− i(dθ¯µa + 1
2
ζ¯µa(d))σmnµ
νηνa.
(61)
For the su(4) Cartan form matrix (54) we find
Ωaˆ
bˆ(d) = Ωbaˆ
bˆ(d) + Ωf aˆ
bˆ(d). (62)
The bosonic contribution is given by
Ωbaˆ
bˆ(d) = iTaˆ
cˆdT¯cˆ
bˆ
=
(
Ωba
b − δbaΩbcc εacbΩb4c
−εacbΩbc4 −Ωbba + δabΩbcc
)
,
(63)
where the unitary matrix T equals
7Taˆ
bˆ =
(
δba cos |z|+ z¯azb (1−cos |z|)|z|2 iεacbzc sin |z||z|
−iεacbz¯c sin |z||z| δab cos |z|+ zaz¯b (1−cos |z|)|z|2
)
, |z|2 = zaz¯a. (64)
So that the explicit form of the entries of Ωbaˆ
bˆ(d) is given by
Ωba
b(d) = i
(1− cos |z|)
|z|2 (z¯adz
b − dz¯azb)− iz¯azb (1− cos |z|)
2
2|z|4 (dz
cz¯c − zcdz¯c),
Ωba
4(d) = dz¯a
sin |z|
|z| + z¯a
sin |z|(1 − cos |z|)
2|z|3 (dz
cz¯c − zcdz¯c) + z¯a
(
1
|z| −
sin |z|
|z|2
)
d|z|,
Ωb4
a(d) = dza
sin |z|
|z| + z
a sin |z|(1− cos |z|)
2|z|3 (z
cdz¯c − dzcz¯c) + za
(
1
|z| −
sin |z|
|z|2
)
d|z|.
(65)
The fermionic contribution can be presented as
Ωf aˆ
bˆ(d) = (TΨ(d)T¯ )aˆ
bˆ,
Ψaˆ
bˆ(d) =
(
Ψa
b − δbaΨcc εacbΨ4c
−εacbΨc4 −Ψba + δabΨcc
)
,
(66)
where the entries of Ψaˆ
bˆ(d) equal
Ψa
b(d) = 2(dθµa +
1
2
ζµa (d))η¯
b
µ − 2(dθ¯µb +
1
2
ζ¯µb(d))ηµa
− δba((dθµc +
1
2
ζµc (d))η¯
c
µ − (dθ¯µc +
1
2
ζ¯µc(d))ηµc),
Ψa
4(d) = 2εabc(dθ¯
µb +
1
2
ζ¯µb(d))η¯cµ,
Ψ4
a(d) = −2εabc(dθµb +
1
2
ζµb (d))ηµc.
(67)
The expressions for the fermionic Cartan forms can be
brought to the form(
ωˆµa
¯ˆωµa
)
= e−ϕTaˆbˆ
(
ωµb
ω¯µb
)
,
ωµb (d) = dθ
µ
b + ζ
µ
b (d), ω¯
µb(d) = dθ¯µb + ζ¯µb(d)
(68)
and (
χˆµa
¯ˆχaµ
)
= eϕTaˆ
bˆ
(
χµb
χ¯bµ,
)
(69)
where
χµa(d) = dηµa + 2iη¯
b
µdθ
ν
b ηνa + 2iηµbdθ¯
νbηνa
+ i(dθµa + ζµa(d))(η
ν
b η¯
b
ν),
χ¯aµ(d) = dη¯
a
µ + 2iηµbdθ¯
νbη¯aν + 2iη¯
b
µdθ
ν
b η¯
a
ν
+ i(dθ¯aµ + ζ¯
a
µ(d))(η
ν
b η¯
b
ν).
(70)
In terms of the Cartan forms in the conformal basis
(47), (48) the superstring action (4) acquires the form
S = −1
2
∫
d2ξ
√−ggij
(
1
4
(ωˆmi + cˆ
m
i )(ωˆmj + cˆmj)
+ ∆i∆j +
1
2
(Ωia
4Ωj4
a +Ωja
4Ωi4
a)
)
− 1
2
εij
∫
d2ξ
(
ωˆµiaεµν
¯ˆωνaj + χˆiµaε
µν ¯ˆχajν
)
.
(71)
It has a rather complicated structure with the kinetic
term containing contributions up to the 8th power in the
fermions and the WZ term up to the 6th power. Note,
however, that similarly to the AdS5×S5 superstring an-
ticommuting coordinates θµa , θ¯
µa related to the Poincare
supersymmetry enter expressions for the Cartan forms
utmost quadratically and the nonlinear fermionic contri-
bution is due to ηµa, η¯
a
µ related to the conformal super-
symmetry. For the AdS5×S5 superstring there have been
proposed the κ−symmetry gauges that entirely remove
the coordinates η so that the action becomes quadratic
[26] or quartic in the fermions [27], [28], [16]. This seems
to be the simplest known form of the AdS5 × S5 su-
perstring action. In the case under consideration it is
impossible to gauge away all 12 coordinates η by the
8-parameter κ−symmetry transformation. Among the
SO(1, 2) covariant gauges one can consider the gauge
ηµa =
(
ηµA
ηµ3
)
, ηµA = 0, (72)
where the index A corresponds to the fundamental repre-
sentation of SU(2), that removes 8 coordinates η. In this
case the following entries of the matrix (66) Ψ1
2 = Ψ2
1 =
Ψ4
3 = Ψ3
4 = 0 turn to zero and the kinetic term of the
superstring action (71) becomes utmost of the sixth order
in the fermions. The gauge
θµa =
(
θµA
θµ3
)
, θµ3 = 0, ηµ3 = 0 (73)
8removes an equal number of θ and η coordinates [48]. In
this gauge vanish the components of the Cartan forms
Ψ1,2
4 = Ψ4
1,2 = Ψ1,2
3 = Ψ3
1,2 = 0 and ωµ3 = 0, χµ3 = 0.
More substantial simplification can be attained, e.g., by
considering the noncovariant condition
η1a = 0 (74)
that partially fixes the κ−symmetry gauge freedom. In
such a case cˆ1 = 0, while other components of the Car-
tan forms (58) become quadratic in fermions and also
χ1a = χ¯
a
1 = 0 so that the kinetic term of the action
(71) contains the fermionic contributions up to the fourth
power and the WZ term up to the second power. Then
the remaining freedom can be used to turn to zero extra
Cartan form components.
IV. CONCLUSION
In the present paper we have considered in the frame-
work of the supercoset approach the superstring action
on the AdS4 × CP3 background [13] in the conformal
basis for the Cartan 1-forms motivated by the isomor-
phism between the osp(4|6) superalgebra and D = 3
N = 6 superconformal algebra. We have obtained the
expressions for the Cartan forms explicitly covariant un-
der the D = 3 N = 6 super-Poincare transformations
starting from the OSp(4|6)/(SO(1, 3)×U(3)) supercoset
representative parametrized by the coordinates associ-
ated with the D = 3 N = 6 superconformal generators.
These results can be used to establish a more transparent
relation to the field theory side of the ABJM duality [4].
We have also derived the SO(1, 3) × SU(3) covariant
expression for the matrix M that enters the equations
of motion for the fermions and have shown that in the
general case its rank equals 16 implying via the second
Noether theorem the 8-parameter κ−symmetry of the
action. The form of the matrix M can be found by in-
specting the anticommutation relations of the fermionic
generators of osp(4|6) superalgebra. The complementary
matrix K that enters the κ−symmetry transformation
rules is quadratic in the world-sheet projections of Car-
tan forms rather than linear as for the GS superstring
and we have proved in the SO(1, 3) × SU(3) covariant
way that the rank of K equals 8. These results outline
the similarities and differences of the supercoset formula-
tion for the superstring on AdS4 × CP3 background and
the conventional GS one.
It was suggested in [13] that the OSp(4|6)/(SO(1, 3)×
U(3)) supercoset action could be obtained by partial
gauge fixing of the κ−symmetry in the full superstring
action on AdS4 × CP3 background. However, it is in-
teresting to note that such supercoset action per se may
be viewed as belonging to the family of the models of
pointlike [30]-[32] and extended [33]-[35] objects in ex-
tended superspaces describing the BPS states preserving
exotic [49] fractions of the space-time supersymmetry.
Here the role of extra superspace variables complement-
ing the super-Poincare ones is played by the bosonic za,
z¯a, ϕ and fermionic ηµa, η¯
a
µ coordinates.
As the extension of the presented results one can exam-
ine the supercoset action invariance under the full D = 3
N = 6 superconformal transformations, derive the corre-
sponding Noether charges and calculate their algebra. It
is of interest by fixing the gauge freedom to seek for the
simplest form of the action to be compared with that for
the AdS5×S5 superstring. Novel insights into the struc-
ture of the action and the quantization problem could
also be gained by working out the first-order formulation
in analogy with the GS superstring on flat background
[37] and elaborating on the twistor transform [38]. We
hope to address these issues in future.
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Appendix A: Spinors and γ−matrices
The D = 2 + 3 spinor indices are raised and lowered
by means of the antisymmetric charge conjugation matrix
and its inverse
ψα = Cαβψβ , ψα = Cαβψ
β . (A1)
The spinor ψα is composed of a pair of the (1 + 2)-
dimensional spinors
ψα =
(
φµ
ϕν
)
, ψα =
(
ϕµ
−φν
)
(A2)
and the charge conjugation matrix and its inverse admit
the representation in terms of the 2× 2 unit matrix
Cαβ =
(
0 δνµ
−δµν 0
)
, Cαβ =
(
0 −δµν
δνµ 0
)
. (A3)
The position of indices of the 2-component spinors can
be changed as follows:
φµ = εµνφν , ϕµ = εµνϕ
ν ,
εµνε
νλ = δλµ, ε
12 = ε21 = 1.
(A4)
The Majorana condition in 1 + 2 dimensions
(ϕµ)†σ0µν = ενµϕµ (A5)
amounts to the reality of the spinor components in the
chosen basis, where σ˜0µν = δµν . Accordingly in 2 + 3
dimensions the Majorana condition
(ψα)†(γ˜0
′
γ0)αβ = Cβαψ
α (A6)
9is satisfied for the spinors composed of a pair of the
(1 + 2)−dimensional Majorana spinors. Because of the
relation (γ˜0
′
γ0)αβC
βγ = −δαγ it also amounts to the
component by component reality of a spinor.
The (2 + 3)−dimensional γ−matrices in the Majo-
rana representation can be realized in terms of the
(1 + 2)−dimensional real γ−matrices
γ0
′
αβ = −
(
εµν 0
0 εµν
)
, γ˜0
′αβ = −
(
εµν 0
0 εµν
)
,
γmαβ =
(
0 σmµ
ν
−σmµν 0
)
,
γ˜mαβ =
(
0 σmµν
−σmµν 0
)
,
γ3αβ =
(
εµν 0
0 −εµν
)
, γ˜3αβ =
( −εµν 0
0 εµν
)
,
(A7)
where
σmµν = (I, σ
1,−σ3), σ˜mµν = εµλενρσmλρ = (I,−σ1, σ3).
(A8)
They satisfy the Clifford algebra relations
γ
m
αβγ˜
nβγ + γ
n
αβ γ˜
mβγ = −2ηmnδγα,
ηmn = (−,−,+,+,+), γ˜mαβ = CαγCβδγmγδ
(A9)
as a result of the D = 1 + 2 relations
σmµν σ˜
nνλ + σnµν σ˜
mνλ = −2ηmnδλµ. (A10)
The so(2, 3) generators are defined as
γmnα
β =
1
2
(γmαγ γ˜
nγβ − γnαγ γ˜mγβ). (A11)
Their explicit form in terms of the above introduced
γ−matrices is found to be
γmnα
β =
(
σmnµ
ν 0
0 σ˜mnµν
)
,
γ0
′m
α
β =
(
0 −σmµν
σ˜mµν 0
)
,
γ3mα
β =
(
0 σmµν
σ˜mµν 0
)
, γ0
′3
α
β =
(
δνµ 0
0 −δµν
)
,
σmnµ
ν = 12 (σ
m
µλσ˜
nλν − σnµλσ˜mλν), σ˜mnµν = −σmnνµ.
(A12)
The (1 + 3)−dimensional charge conjugation matrix
that enters the WZ term and its inverse can be realized
as
C′αβ = −iγ0
′
αβ = i
(
εµν 0
0 εµν
)
,
C′αβ = iγ˜0
′αβ = −i
(
εµν 0
0 εµν
)
.
(A13)
Γ−matrices in D = 1 + 3 dimensions are defined as
Γm
′
α
β = −γm′αγC′γβ :
Γmα
β =
(
0 −iσmµν
iσ˜mµν 0
)
, Γ3α
β =
(
iδνµ 0
0 −iδµν
)
.
(A14)
They obey the Clifford algebra relations
Γm
′
α
γΓn
′
γ
β + Γn
′
α
γΓm
′
γ
β = −2ηm′n′δβα. (A15)
The matrix Γ5 = Γ0Γ1Γ2Γ3 then equals
Γ5α
β =
(
0 εµν
−εµν 0
)
. (A16)
Appendix B: osp(4|6) superalgebra as D = 3 N = 6
superconformal algebra
The (anti)commutation relations of the osp(4|6) super-
algebra can be written in the supermatrix form
[OKˆLˆ, OMˆNˆ} = i(GLˆMˆOKˆNˆ + (−)lmGLˆNˆOKˆMˆ
+(−)klGKˆMˆOLˆNˆ + (−)k(l+m)GKˆNˆOLˆMˆ ),
(B1)
where
GLˆMˆ =
(
Cαβ 0
0 iδIJ
)
(B2)
is the orthosymplectic metric composed of the D = 2+3
charge conjugation matrix Cαβ and the unit metric δIJ
in the vector representation of SO(6). The supermatrix
OMˆNˆ has the following block structure
OMˆNˆ =
(
Oαβ OαJ
OIβ OIJ
)
(B3)
with the blocks obeying the reality
O∗αβ = Oαβ , O
∗
αJ = −OαJ ,
O∗Iβ = −OIβ, O∗IJ = −OIJ
(B4)
and (anti)symmetry
OMˆNˆ = (−)mnONˆMˆ : Oαβ = Oβα, OαJ = OJα,
OIJ = −OJI (B5)
conditions. The block structure of OMˆNˆ implies that the
(anti)commutation relations of the osp(4|6) superalgebra
can be divided into 5 groups
[Oαβ , Oγδ] = i(CαγOβδ + CαδOβγ
+ CβγOαδ + CβδOαγ),
(B6)
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[OIJ , OKL] = δIKOJL − δILOJK
− δJKOIL + δJLOIK ,
(B7)
{OαJ , OγL} = −δJLOαγ + iCαγOJL, (B8)
[Oαβ , OγL] = i(CαγOβL + CβγOαL), (B9)
[OIJ , OγL] = δILOγJ − δJLOγI . (B10)
The commutation relations of the first group can be
cast into the so(2, 3) algebra relations
[Mkl,Mmn] = ηknM lm − ηkmM ln − ηlnMkm + ηlmMkn
(B11)
by the transformation Mkl = i4γ
klαβOαβ , Oαβ =
− i2γmnαβ Mmn. Separating the generators that carry the
second time direction index one arrives at the AdS4 al-
gebra[
M0
′m′ ,M0
′n′
]
= Mm
′n′ ,[
M0
′k′ ,Mm
′n′
]
= ηk
′m′M0
′n′ − ηk′n′M0′m′ ,[
Mk
′l′ ,Mm
′n′
]
= ηk
′n′M l
′m′ − ηk′m′M l′n′
− ηl′n′Mk′m′ + ηl′m′Mk′n′ .
(B12)
Introducing the (1 + 2)−dimensional dilatation D, mo-
mentum Pm and conformal boost Km generators
D = 2M0
′3, Pm = −(M0′m +M3m),
Km =M3m −M0′m
(B13)
the AdS4 algebra commutation relations transform into
the conf3 algebra commutation relations
[Pm, D] = −2Pm, [Km, D] = 2Km,
[Pm,Kn] = ηmnD + 2Mmn,[
P l,Mmn
]
= ηlmPn − ηlnPm,[
K l,Mmn
]
= ηlmKn − ηlnKm,[
Mkl,Mmn
]
= ηknM lm − ηkmM ln
− ηlnMkm + ηlmMkn.
(B14)
By converting the so(6) generators into the su(4) gen-
erators
Viˆ
jˆ = − i
4
OIJρ
IJ
iˆ
jˆ , (B15)
where ρIJ iˆ
jˆ = 12 (ρ
I
iˆkˆ
ρ˜Jkˆjˆ − ρJ
iˆkˆ
ρ˜Ikˆjˆ), the commutation
relations (B7) reduce to
[Viˆ
jˆ , Vkˆ
lˆ] = i(δjˆ
kˆ
Viˆ
lˆ − δlˆ
iˆ
Vkˆ
jˆ). (B16)
The su(4) generators can be split into the u(3) generators
Va
b and the su(4)/u(3) coset generators Va
4, V4
a
Viˆ
jˆ =
(
Va
b Va
4
V4
b V4
4
)
, V4
4 = −Vaa. (B17)
Then the su(4) algebra commutation relations (B16) ac-
quire the form[
Va
4, V4
b
]
= i(Va
b + δbaVc
c), [Va
4, Vb
c] = −iδcaVb4,
[V4
a, Vb
c] = iδabV4
c,[
Va
b, Vc
d
]
= i(δbcVa
d − δdaVcb).
(B18)
By contracting the SO(6) vector index I of the osp(4|6)
fermionic generators OαI with the D = 6 antisymmetric
chiral γ−matrices ρI
iˆjˆ
and ρ˜Iiˆjˆ that satisfy
ρI
iˆjˆ
ρ˜Jjˆkˆ + ρJ
iˆjˆ
ρ˜Ijˆkˆ = 2δIJδkˆ
iˆ
, (B19)
the anticommutator (B8) is brought to the form
{Oαiˆjˆ , Okˆlˆβ } = i(δlˆiˆδkˆjˆ − δkˆiˆ δlˆjˆ)γ
mn
αβ Mmn
+ 2Cαβ(δ
kˆ
iˆ
Vjˆ
lˆ − δkˆ
jˆ
Viˆ
lˆ + δlˆ
jˆ
Viˆ
kˆ − δlˆ
iˆ
Vjˆ
kˆ).
(B20)
Performing the 3+1 split of the SU(4) indices iˆ = (a, 4),
jˆ = (b, 4), using the duality relations
Oab = −εabcO4c, O4a = − 12εabcObc,
Oab = −εabcO4c, O4a = − 12εabcObc, ε123 = ε123 = 1
(B21)
that stem from the SU(4) duality relations
Oiˆjˆ =
1
2
εiˆjˆkˆlˆO
kˆlˆ, εiˆjˆkˆlˆ = εabc4, (B22)
introducing the (1+2)−dimensional supersymmetry Qaµ,
Q¯µa and superconformal S
µa, S¯µa generators
O4aα =
(
Qaµ
Sµa
)
, Oα4a =
(
Q¯µa
S¯µa
)
, (B23)
substituting the expressions (A12) and the definition of
the conf3 generators (B13) we are able to bring the re-
lations (B20) to the anticommutation relations of D = 3
N = 6 superconformal algebra in the SU(3) notation
{Qaµ, Q¯νb} = 2iδabσmµνPm, {Sµa, S¯νb } = 2iδab σ˜mµνKm,
{Qaµ, Sνb} = 2δνµεabcVc4, {Q¯µa, S¯νb } = −2δνµεabcV4c,
{Qaµ, S¯νb } = −iδab δνµD + iδabσmnµνMmn
− 2δνµ(Vba − δabVcc),
{Q¯µa, Sνb} = −iδbaδνµD + iδbaσmnµνMmn
+ 2δνµ(Va
b − δbaVcc).
(B24)
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The commutators of (B9) and (B10) define the prop-
erties of the fermionic generators under the SO(2, 3) and
SO(6) transformations. In particular, using the defini-
tion of D = 3 N = 6 generators (B13) and (B23) we
get [
D,Qaµ
]
= Qaµ, [D, Q¯µa] = Q¯µa,[
Mmn, Qaµ
]
=
1
2
σmnµ
νQaν ,[
Mmn, Q¯µa
]
=
1
2
σmnµ
νQ¯νa,[
Km, Qaµ
]
= σmµνS
νa, [Km, Q¯µa] = σ
m
µν S¯
ν
a ,
[D,Sµa] = −Sµa, [D, S¯µa ] = −S¯µa ,
[Mmn, Sµa] = −1
2
Sνaσmnν
µ,[
Mmn, S¯µa
]
= −1
2
S¯νaσ
mn
ν
µ,
[Pm, Sµa] = −σ˜mµνQaν , [Pm, S¯µa] = −σ˜mµνQ¯νa
(B25)
and
[
Va
b, Qcµ
]
=
i
2
δbaQ
c
µ − iδcaQbµ, [V4a, Qbµ] = iεabcQ¯µc,[
Va
b, Q¯µc
]
= − i
2
δbaQ¯µc + iδ
b
cQ¯µa,[
Va
4, Q¯µb
]
= −iεabcQcµ,[
Va
b, Sµc
]
=
i
2
δbaS
µc − iδcaSµb, [V4a, Sµb] = iεabcS¯µc ,[
Va
b, S¯µc
]
= − i
2
δbaS¯
µ
c + iδ
b
cS¯
µ
a , [Va
4, S¯µb ] = −iεabcSµc.
(B26)
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